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It has recently been suggested that the competition for a finite pool of microRNAs (miRNA) gives
rise to effective interactions among their common targets (competing endogenous RNAs or ceRNAs)
that could prove to be crucial for post-transcriptional regulation (PTR). We have studied a minimal
model of PTR where the emergence and the nature of such interactions can be characterized in detail
at steady state. Sensitivity analysis shows that binding free energies and repression mechanisms
are the key ingredients for the cross-talk between ceRNAs to arise. Interactions emerge in specific
ranges of repression values, can be symmetrical (one ceRNA influences another and vice-versa) or
asymmetrical (one ceRNA influences another but not the reverse) and may be highly selective, while
possibly limited by noise. In addition, we show that non-trivial correlations among ceRNAs can
emerge in experimental readouts due to transcriptional fluctuations even in absence of miRNA-
mediated cross-talk.
INTRODUCTION
MicroRNAs (miRNAs) are 21-23 nucleotides (nt) long,
endogeous, non-coding RNA molecules, that perform
post-transcriptional regulation by specifically binding
target messenger RNAs (mRNAs), typically leading to a
reduction in the levels of the corresponding proteins [1–
3]. They are transcribed from independent miRNA genes
or from introns of protein-coding transcripts. After being
processed into maturity, a miRNA is loaded onto a spe-
cialized class of proteins to form the RNA-induced Silenc-
ing Complex (RISC), which specifically binds miRNA re-
sponse elements (MREs) located in target mRNAs (usu-
ally in their 3’ UnTraslated Region or 3’-UTR) through
a base-pairing recognition mechanism which requires at
least 6-nt complementarity. The whole process, known
as RNA interference (RNAi), results in gene silencing
through translation inhibition and mRNA destabilization
[3, 4].
Each mRNA can typically interact with several miR-
NAs, and each miRNA can target many different mR-
NAs. Within the complex network of potential interac-
tions that ensues, miRNAs have long been thought to
function mainly as fine-tuners for regulation by weakly
dampening the protein output [1, 5]. This view is sup-
ported by the fact that the statistically over-represented
motifs (feed-forward or feed-back loops) that have been
identified in the known miRNA–mRNA interaction net-
work are indeed capable of buffering the noise level in
the output layer (proteins) [6–8, 19]. More recently the
attention has been directed to system-level effects. In
particular, it has been realized that miRNA-based reg-
ulation is strongly affected by global properties like the
total concentration of available targets (a feature known
as dilution effect [10]). The combination of the repres-
sive effects of miRNAs on their targets and of the weak-
ening of such repression due to dilution effects lead to
effective, positive interactions between joint targets of a
given miRNA (cross-talk interactions). In addition, it is
now known that pseudo-genes and other long non-coding
RNAs (lncRNAs) also possess MREs and can be bound
by the RISC. This implies that, besides mRNAs, non-
coding RNAs sharing identical MREs compete for com-
mon miRNAs [11, 12]. Thus, miRNAs appear to mediate
the cross-talk between a broad class of competing en-
dogenous RNAs (ceRNAs) which includes both mRNAs
and lncRNAs commonly targeted by miRNAs, leading
to a large-scale network of indirect interactions across
the transcriptome [13, 14]. Recent studies have shown
that such interactions play a central role in many biolog-
ical contexts, from muscle differentiation [12] to cancer
[15, 16].
Despite the body of experimental evidence, a clear
quantitative understanding of miRNA-mediated regula-
tion is still lacking. To address this issue, we formulate
a minimal model of post-transcriptional regulation and
analyze its steady state, aiming at quantifying the inten-
sity of the interactions arising from competition through
an analysis of the sensitivity to changes in the ceRNA
transcription rates. We show that binding free energies
and repression mechanisms are the key ingredients for
the cross-talk between ceRNAs to arise. The emergent
interactions can be symmetrical (one ceRNA influences
another and vice-versa) or asymmetrical (one ceRNA in-
fluences another but not the reverse) and may be highly
selective, although possibly hampered by noise.
We furthermore argue that the identification of cross-
talk from gene expression data can be hindered by the
fact that statistically significant correlations among ceR-
NAs can emerge in the experimental readouts simply due
to transcriptional fluctuations.
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2FIG. 1. Schematic representation of the considered processes
for a system N = 2 ceRNA species and one miRNA.
RESULTS
One miRNA species, N ceRNA species
We start by considering a highly simplified system
formed by N different species of ceRNA molecules, la-
beled mi (i = 1, . . . , N), targeted by a single miRNA
species labeled µ. Each mi can reversibly bind µ in com-
plexes labeled ci. Conforming to the experimental evi-
dence [17, 18], we assume that translational repression is
fast and precedes mRNA destabilization, implying that
complexes cannot be translated and repression of trans-
lation simply occurs by sequestration of free ceRNAs.
Taking a constant translation rate, the levels of unbound
ceRNA can be used as a direct proxy for protein con-
centrations at steady state. The allowed processes with
their respective rates are then as follows (see Fig. 1):
∅ bi−⇀↽−
di
mi ∅
β−⇀↽−
δ
µ µ+mi
k+i−−⇀↽−
k−i
ci
ci
σi−⇀ ∅ ci κi−⇀ µ
Note that complexes are assumed to be degraded ei-
ther through a catalytic channel (which gives back the
miRNA to the cytosol) or through a stoichiometric chan-
nel (where both molecules are degraded with the com-
plex). This choice serves the purpose of keeping the
model as general as possible. The quantity wi = σi/(σi+
κi) measures the degree of ’stoichiometricity’ of complex
decay: it ranges between 0 (in case of fully catalytic
degradation, σi = 0, κi > 0) and 1 (in case of fully stoi-
chiometric degradation, σi > 0, κi = 0). It will play an
important role in our theory and we will refer to as ’sto-
ichiometricity ratio’. The exact mechanism of target re-
pression is still a matter of debate, and in the past years
several mechanisms have been reported [2–4]. Generi-
cally, miRNAs incorporated into the RISC do not seem
to decay with their target, thus becoming again avail-
able for a new round of target RNA silencing. Neverthe-
less complexes may enter in specific cellular structure-like
P-bodies thus resulting in an effective stoichiometric se-
questration of both the miRNA and the target.
Clearly, this setup represents a coarse-graining of the
real biological processes, which typically requires mul-
tiple catalyzed elementary steps (e.g. in the formation
of the RISC). However, such details may be disregarded
if, in presence of many different targets, the only rate-
limiting factor is the miRNA concentration. This will
indeed be our main assumption (together with the fact
that mi’s can only interact through µ).
Denoting the concentration of species x by [x], we can
write the mass-action kinetic rate equations for the above
system as
d
dt
[mi] = −di[mi] + bi − k+i [µ][mi] + k−i [ci]
d
dt
[µ] = −δ[µ] + β −
∑
i
k+i [µ][mi] +
∑
i
(k−i + κi)[ci]
(1)
d
dt
[ci] = −(σi + k−i + κi)[ci] + k+i [µ][mi] .
In turn, they lead to the steady state equations
[mi] =
bi + k
−
i [ci]
di + k
+
i [µ]
≡ m?iFi([µ])
[µ] =
β +
∑
i(k
−
i + κi)[ci]
δ +
∑
i k
+
i [mi]
(2)
[ci] =
k+i [µ][mi]
σi + k
−
i + κi
≡ c?i
[µ]
µ0,i
Fi([µ]) .
where we defined m?i = bi/di, c
?
i = bi/(σi + κi) and
Fi([µ]) =
µ0,i
[µ] + µ0,i
, µ0,i =
di
k+i
(1 + φi) (3)
with φi = k
−
i /(σi + κi). Note that m
?
i and c
?
i repre-
sent the maximum concentrations of free ceRNAs and
complexes, achievable in absence of miRNAs and in the
limit of infinite miRNA concentration respectively. A
simple calculation shows that the binding free energy of
the complex (in units of kBT ) is given by
∆Gi = − log k
+
i [mi][µ]
k−i [ci]
= − log 1 + φi
φi
. (4)
This clarifies the physical meaning of φi: if φi  1 then
complex formation is close to equilibrium; if φi  1 in-
stead, the process is unbalanced towards association.
On the other hand, one sees that the quantity µ0,i
defined in (3) (which only depends on the kinetic param-
eters of ceRNA mi) gives the miRNA level for which the
concentrations of free ceRNAs and of complexes equal
half of their theoretical maxima. Therefore, in practice,
we have the following situation:
3a. If [µ]  µ0,i (or [µ]/µ0,i = O()), then [mi] ' m?i
and [ci]  c?i : here the levels of free ceRNAs are
largest, while complexes are roughly absent; spon-
taneous degradation is the dominant channel of
ceRNA decay.
b. If [µ] ' µ0,i (or |1− [µ]/µ0,i| = O()), then [mi] '
m?i /2 and ci ' c?i /2: here free ceRNA concen-
tration is roughly half the theoretical maximum;
spontaneous ceRNAs decay and miRNA-mediated
degradation have similar weight.
c. If [µ]  µ0,i (or µ0,i/[µ] = O()), then [mi] 
m?i and [ci] ' c?i : here the levels of complexes
are largest, while free ceRNAs are roughly ab-
sent; miRNA-mediated degradation is the prevail-
ing channel of ceRNA decay.
It is reasonable to expect that in cases a. and c. the
steady state level of free ceRNA [mi] will only be weakly
sensible to (small) variations in [µ]. We shall call these
regimes ‘Free’ and ‘Bound’ (Fand B for brevity), respec-
tively. In case b., instead, the microRNA concentration
lies in the dynamical range of Fi, so that [mi] will re-
spond to (small) variations in [µ]. We will the call this
regime ‘Susceptible’ (S for brevity). The outlook is that
once the kinetic parameters of the ceRNAs are given, the
µ0,i’s are given as well, and the miRNA level suffices to
know whether a ceRNA is in the F , S or B regime.
Biologically reasonable values of the model parame-
ters (k+i ∼ 10−3nM−1s−1, di ∼ 10−4s−1 as used in
[19]) suggest that di
k+i
∼ µ0,i should approximatively
have nanomolar order of magnitude, which is compara-
ble to the range of miRNA concentrations [20, 21]. Note
however that analysis of the RNAi enzyme complex has
shown that its kinetics can vary substantially across dif-
ferent targets and that it is strongly affected by the de-
gree of complementarity [22].
This means that, in principle, different targets may
have very different µ0,i’s and may thus be located in dis-
tinct regimes of regulation at fixed [µ] and that the three
states (F ,S,B) are actually assumed by ceRNAs. Fur-
thermore, different miRNAs species may have concen-
trations spanning many orders of magnitude in a given
cell type [23]. For instance, it has been experimentally
demonstrated that only the most abundant miRNAs have
significant impact on gene expression and mediate target
suppression [23], suggesting that ceRNAs are ’free’ from
miRNAs when their regulators have very low concentra-
tions. Moreover, it has been observed that protein pro-
duction in presence of miRNA is highly repressed below
a given threshold level for mRNA transcriptional activ-
ity and it responds sensitively to transcription above this
threshold [24], suggesting the transition from an unex-
pressed, bound regime to an expressed, susceptible one.
To illustrate the emergent interactions between ceR-
NAs, we plot in Figure 2 the steady-state levels of m1,
m2 and µ as a function of b1 in a system with N = 2 in
which all other kinetic parameters are fixed. One clearly
FIG. 2. Top: steady state concentrations in a system with
N = 2 ceRNAs, obtained by fixing all parameters but the
transcription rate b1 of ceRNA 1. Bottom: fractions of free
molecules, namely φ1 = [m1]/([m1]+ [c1]), φ2 = [m2]/([m2]+
[c2]), φµ = [µ]/([µ] + [c1] + [c2]), versus b1. The dynamical
range of the cross-talk interaction between the two ceRNAs
corresponds to the window where free and bound molecules
have similar concentration, i.e. to the S regime. Parameters
for this case (in their respective units) are as follows: b2 = 10,
d1 = d2 = δ = 1, k
+
1 = 10
3, k+2 = 1, k
−
1 = k
−
2 = 10
−3,
σ1 = σ2 = 10, κ1 = κ2 = 1.
sees that, even within this basic model, a change in the
transcription rate of a ceRNA can affect the steady state
concentration of a different ceRNA. The shaded area in
the top panel of Figure 2 highlights the difference be-
tween the steady state level of ceRNA2 with or without
(i.e. for b1 = 0) its competitor m1: [m2] is sensible to
variations of b1 (via the change of the free miRNA con-
centration [µ], which is correspondingly dropping) only
in an intermediate, narrow interval.
We will show that the intensity of such a ’cross-talk’
depends on the regimes to which the ceRNAs belong.
In essence, strong interactions can be achieved only (i)
(symmetrically) between ceRNAs in the S-regimes, and
(ii) (asymmetrically) from a ceRNA in the B-regime to
a ceRNA in the S-regime. This scenario will define a
selective, possibly asymmetric channel of communication
which links ceRNAs targeted by a common miRNA.
Our goal here is to characterize ’cross-talk interactions’
quantitatively by computing the ‘susceptibilities’ (i, j =
1, . . . , N)
χij =
∂[mi]
∂bj
, (5)
which for i 6= j measure the magnitude of the interaction
between ceRNA mi and ceRNA mj . Using (2) we get
χij =
∂
∂bj
[m?iFi([µ])] =
Fi([µ])
di
δij +m
?
i
∂Fi
∂[µ]
∂[µ]
∂bj
. (6)
The cross-susceptibility (the last term in (6)) can thus be
seen as the product of two factors: the response of the
4miRNA level to perturbations of the transcription rate
of ceRNA mj , and the response of the level of ceRNA mi
([mi] = m
?
iFi) to perturbations of the miRNA level. For
the latter we get
∂Fi
∂[µ]
= − µ0,i
(µ0,i + [µ])2
'

−1/µ0,i i ∈ F
−1/(4µ0,i) i ∈ S
−µ0,i/[µ]2 i ∈ B
(7)
Note that, expectedly, this function is negative and is
largest for [µ] ' µ0,i, i.e. when the ceRNA is in the S-
regime. In order to compute ∂[µ]/∂bj , we need an explicit
expression for [µ], which should be obtained from the
steady state condition (2). We re-write this as
[µ]
[
δ +
∑
i
biziFi([µ])
]
= β , (8)
where zi = σi/[µ0,i(σi+κi)]. Equation (8) tells us that if
σi = 0 for all i (i.e. if complex decay is purely catalytic)
then [µ] = β/δ and no cross-talk is achievable since [µ]
is independent of bj . If however σi 6= 0 for some i, then
other solutions are possible. In particular, (8) is an alge-
braic equation of order N + 1 at most, an approximate
solution of which can be obtained under the assumption
that ceRNAs can be separated in the different regimes
defined above. Using the fact that, up to next-to-leading
order in  1,
Fi([µ]) '

1− [µ]/µ0,i i ∈ F
1
2 − ([µ]− µ0,i)/(4µ0,i) i ∈ S
µ0,i/[µ] i ∈ B
(9)
and neglecting (when necessary) terms of order 2 or
higher, one finds that see section Derivation of miRNA
steady-state concentration of Supporting Text for a de-
tailed derivation)
[µ] ' β −
∑
i∈B biwi − 14
∑
i∈S biwi
δ +
∑
i∈F bizi +
1
4
∑
i∈S bizi
. (10)
One now sees that
χµj ≡ ∂[µ]
∂bj
' −wj χµµ ×

[µ]/µ0,j j ∈ F
(µ0,j + [µ])/(4µ0,j) j ∈ S
1 j ∈ B
(11)
where we have defined the shorthand
χµµ ≡ ∂[µ]
∂β
=
(
δ +
∑
i∈F
bizi +
1
4
∑
i∈S
bizi
)−1
(12)
Given a shift in the level of a ceRNA, the response of
the miRNA is always negative (since an increase in bj
causes an increase in the level of complexes cj). Also, if
mj ∈ F then [µ]/µ0,j  1, i.e. the level of microRNA
is roughly insensitive to small changes of the production
rate of ceRNAs in the Free regime.
Finally, combining (7) and (11) we obtain for χij
χij =
1
di
[
Fi([µ])δij +
biwj χµµ
4[µ]
WR(i),R(j)
]
(13)
where WR(i),R(j) is a coefficient that depends only on the
regimes R(i) and R(j) to which i and j belong. In other
words, R(i), R(j) ∈ {F ,S,B} and the 3× 3 matrix Ŵ is
given by
Ŵ =

4
[µ]2
µ0iµ0j
[µ]
µ0i
µ0j + [µ]
µ0j
4
[µ]
µ0i
[µ]2
µ0iµ0j
[µ]
µ0i
µ0j + [µ]
4µ0j
[µ]
µ0i
4
µ0i
µ0j
µ0i
[µ]
µ0j + [µ]
µ0j
4
µ0i
[µ]

=
=
O(
2) O() O()
O() O(1) O(1)
O(2) O() O()
 (14)
Three important observations can now be made about
χij . First, since both terms (7) and (11) are negative,
the cross-talk between ceRNAs tends to correlate their
levels. Second, the matrix Ŵ is not symmetric, as might
perhaps have been expected. Finally, for i 6= j all of
the elements of Ŵ are of order  or smaller except WS,S
and WS,B, which are of order 1. This implies that, in this
scenario, two types of effective interactions arise: the first
one encodes the response of a ceRNA in the S-regime to
a perturbation of another ceRNA in the S-regime, and it
is symmetric; the second one encodes the response of a
ceRNA in the S-regime to a perturbation of a ceRNA in
the B-regime, and it is not symmetric (i.e. perturbing the
‘susceptible’ ceRNA the ‘bound’ one will not respond).
In words, the scenario described here corresponds to
a linear response theory in which a change in the tran-
scription rate of a ceRNA (i.e. bj → bj + δbj) induces
a shift in [mj ] (i.e. [mj ] → [mj ] + χjjδbj with χjj > 0)
and a shift in the level of miRNA (i.e. [µ]→ [µ] +χµjδbj
with χµj < 0). In turn, this affects [mi] (i.e. [mi] →
[mi] + χijδbj with χij > 0). So for instance if δbj > 0
then [mj ] increases, [µ] decreases and [mi] increases. The
quantities µ0,i ∝ 1/k+i can be seen to induce a hierarchy
of interactions: ceRNAs in the B-regime (higher bind-
ing affinity) can unidirectionally affect ceRNAs in the S-
regime, which in turn may influence other ceRNAs in the
S-regime. On the other hand, ceRNAs in the F regime
(lower binding affinity) interact weakly with the rest of
the system and fluctuations in their transcription rates
do not propagate to other ceRNAs. It is important to re-
mark that cross-talk appears only when the miRNA level
is in a specific range, implying that the structure of the
emergent interaction network is flexible and dynamical:
the set of ceRNA species that interact may change upon
varying [µ].
The emergence of selectivity and directionality as fea-
tures of the cross-talk can be seen in a concrete case in
5FIG. 3. Susceptibilities χij in a system of N = 4 ceRNAs,
as a function of miRNA transcription rate β (all other pa-
rameters being fixed). In this example ceRNAs are cast in
two groups: group A, formed by ceRNAs m1 and m3, and
group B, formed by ceRNAs m2 and m4. CeRNAs belong-
ing to the same group share identical kinetic parameters.
In particular, µ0,1 = µ0,3  µ0,2 = µ0,4. While for β
smaller than about 500 no cross-talk is observed, as β in-
creases a symmetric interaction between ceRNAs in group A
(of magnitude comparable to the self-susceptibilities) appears:
χ31 = χ13 ' χ11 = χ33. As β increases further, this interac-
tion is switched off, and ceRNAs in group B begin to cross-
talk instead: χ42 = χ24 ' χ22 = χ44. In this region, a change
of transcription of a ceRNA in group A can affect the level
of ceRNAs in group B, but not viceversa (asymmetric cross-
talk): χ21 = χ23 = χ41 = χ43 >> χ12 = χ32 = χ14 = χ34.
Finally, for sufficiently large β all no cross-talk takes place.
Figure 3, where we plot the susceptibilities for a sys-
tem of N = 4 ceRNAs. One sees that different interac-
tions are switched on in different ranges of values for the
miRNA transcription rate, leading to a gradual modifi-
cation of the structure of the interaction network as β
changes. Notice that heterogeneity in the quantities µ0,i
leads to interaction asymmetry. A schematic summary
of the cross-talk in this system is given in Figure 4.
We notice that the intensity of the cross-talk described
by (13) is modulated by the factor
biwj χµµ
4[µ]
' biwj
4[µ]δ +
∑
k∈S bkwk
(15)
where we used [µ] ' µ0,k for k ∈ S and neglected the
contribution to [µ] due to ceRNAs in the F-regime (see
(10)), which is of order . Again, we see that an effective
interaction requires some degree of stoichiometric degra-
dation: if wj = 0 (i.e. if the complex decays in a purely
catalytic manner) the cross-susceptibility vanishes. In
addition, (15) suggests that the magnitude of the inter-
action is weakened only by ceRNAs lying in the S-regime,
so that, even in presence of a large number of interacting
ceRNA species, cross-talk can be large if the overall pop-
ulation of ceRNAs in the S-regime is restricted. On the
other hand, many factors, such as the overall population
of ceRNAs in the B-regime, affect the rate of miRNA
transcription required in order for a given ceRNA to be
susceptible.
A rough approximate expression for the range ∆β of
values of the miRNA transcription rate where ceRNA mi
is most responsive to the miRNA can be derived consid-
ering as ‘susceptible’ a window ∆µ of [µ] values such that
µ0,i/2 < [µ] < 3µ0,i/2. If so, then
∆β ' ∆µ
χµµ
' µ0,i
χµµ
'
(
µ0,iδ +
∑
k∈S
bkwk
)
, (16)
where we used ∆µ ' µ0,i. One sees that ∆β mainly de-
pends on the transcription rate of the overall population
of ceRNAs in the susceptible regime and on the degree
of stoichiometricity of degradation.
Finally, we observe that an analogous cross-talk sce-
nario emerges for a system in which M miRNA species
share the same target RNA: the level of a miRNA species
may be highly susceptible to a change in the transctip-
tion rate of a different miRNA when the level of the tar-
get RNA lies in a specific window (for details see section
The mirror system: one target, M miRNA species in the
Supporting Text).
N ceRNA species, M miRNA species
Let us now consider the general case of a system formed
by M miRNA species µα (α = 1, . . . ,M) and N ceRNA
species mi (i = 1, . . . , N), defined by the rates
∅ bi−⇀↽−
di
mi ∅
βα−−⇀↽−
δα
µα µα +mi
k+iα−−⇀↽−
k−iα
ciα
ciα
σiα−−⇀ ∅ ciα κiα−−⇀ µα
and for which the following steady-equations hold:
[mi] =
bi +
∑
α k
−
iα[ciα]
di +
∑
α k
+
iα[µα]
[µα] =
βα +
∑
i(k
−
iα + κiα)[ciα]
δα +
∑
i k
+
iα[mi]
(17)
[ciα] =
k+iα[µα][mi]
σiα + k
−
iα + κiα
Again, we shall focus on computing ceRNA sensitivi-
ties to perturbations of transcription rates of other ceR-
NAs. Neglecting higher order interactions involving two
or more miRNAs (which is justified for a large, sparse
miRNA-ceRNA network in absence of connectivity cor-
relations) we have
χij =
∂[mi]
∂bj
'
∑
α
∂[mi]
∂[µα]
∂[µα]
∂bj
≡
∑
α
χij,α (18)
6FIG. 4. Schematic representation of the patterns of interactions arising in a system of N = 4 ceRNAs at different miRNA
levels (increasing from A to D). A) All ceRNAs are in the F regime ([µ] µ0,i ∀i) and there is no interaction between them.
B) ceRNAs 1 and 3 are in the S regime ([µ] ' µ0,1 ' µ0,3) and a symmetrical interaction between them is switched on. C)
ceRNAs 1 and 3 are now in the B regime ([µ] µ0,1 ' µ0,3) while ceRNAs 2 and 4 are in the S regime ([µ] ' µ0,2 ' µ0,4): the
resulting interactions are symmetric between 2 and 4 and asymmetric of ceRNAs 1 and 3 on ceRNAs 2 and 4. D) All ceRNAs
are in the B regime ([µ] µ0,i ∀i) and no cross-talk occurs.
The NM + N + M steady state equations (17) can be
reduced to N + M coupled equations for the N + M
unknown {µα,mi} by eliminating the complexes. After
some straightfoward algebra, we get [mi] = m
?
iFi({[µα]})
and µα = µ
?
αFα({[mi]}) with
Fi =
(
1 +
∑
α
[µα]
µ0,iα
)−1
, Fα =
(
1 +
∑
i
[mi]
m0,iα
)−1
,
(19)
where
µ0,iα =
di
k+iα
(1 + φiα) , m0,iα =
δα
k+iα
(1 + ψiα) (20)
φiα =
k−iα
σiα + κiα
, ψiα =
k−iα + κiα
σiα
(21)
In turn, the levels of free miRNA and ceRNA are de-
scribed by
[µα]
[
δα +
∑
i
biziαFi
]
= βα (22)
[mi]
[
di +
∑
α
βαζiαFα
]
= bi (23)
with ziα = σiα/[µ0,iα(σiα + κiα)] and ζiα = (σiα +
κiα)/(m0,iασiα). The quantity Fi can be re-written as
Fi =
1
Z
(α)
i
1
1 + [µα]/µ˜0,iα
(24)
where Z
(α)
i = 1 +
∑
γ 6=α[µγ ]/µ0,iγ and µ˜0,iα = µ0,iαZ
(α)
i .
Note that sum in Z
(α)
i includes all miRNA species except
for µα.
Equation (24) tells us that, in presence of many
miRNA species, we may account for the effect of species
7µα on ceRNA mi by just re-scaling Fi by Z
(α)
i and shift-
ing the reference level µ0,iα by Z
(α)
i . A simple interpre-
tation of the above expressions can be gained by intro-
ducing an effective decay rate d
(α)
i = diZ
(α)
i and noting
that
[mi] =
bi
d
(α)
i
µ˜0,iα
[µ] + µ˜0,iα
, µ˜0,iα =
d
(α)
i
k+iα
(1+φiα) . (25)
One immediately recognizes the same form of the steady
state equation (3) for the case M = 1, and sees that Z
(α)
i
ultimately plays the role of a factor accelerating the ef-
fective turnover. Note that all miRNAs targeting ceRNA
i give positive contributions to the sum Z
(α)
i and thus
increase the effective turnover, but the most important
contributions come from those miRNAs whose level [µγ ]
is high respect to the term µ0i,γ .
By analogy with the case M = 1, we will say that
a ceRNA is free with respect to miRNA µα (and write
i ∈ F(α)) if [µα]  µ˜0,iα; it will be ‘susceptible’ with
respect to µα (or i ∈ S(α)) if [µα] ' µ˜0,iα; it will be
‘bound’ with respect to µα (or i ∈ B(α)) if [µα] µ˜0,iα.
Note that being bound with respect to a miRNA species
is sufficient for a ceRNA to be translationally repressed.
For consistency, a ceRNA can only be bound with respect
to one miRNA species (in that case it will be free with
respect to all other miRNAs). Separating the different
regimes we have
Fi '

[Z
(α)
i ]
−1(1− [µα]/µ˜0,iα) i ∈ F(α)
1
2 [Z
(α)
i ]
−1[1− (µ− µ˜0,iα)/(2µ˜0,iα)] i ∈ S(α)
µ˜0,iα/[µα] i ∈ B(α)
(26)
In turn, for the levels of free miRNAs we obtain
[µα] '
βα −
∑
i∈B(α) biwiα − 14
∑
i∈S(α) biwiα
δα +
∑
i∈F(α) biz˜iα +
1
4
∑
i∈S(α) biz˜iα
(27)
where wiα = σiα/(σiα + κiα) and z˜iα = σiα/[µ˜0,iα(σiα +
κiα)]. One may now compute the different terms of the
susceptibilities. For the quantity χij,α (see (18)) we fi-
nally get the M > 1 analog of (13), i.e.
χij,α =
1
di
[
Fiδij +
bi w˜jα χαα
4Z
(α)
i [µα]
Wα;R(i),R(j)
]
(28)
where the matrices Ŵα are given by
Ŵα =

4
[µα]
2
µ˜0,iαµ˜0,jα
[µα]
µ˜0,iα
µ˜0,jα + [µα]
µ˜0,jα
4
[µα]
µ˜0,iα
[µα]
2
µ˜0,iαµ˜0,jα
[µα]
µ˜0,iα
µ˜0,jα + [µα]
4µ˜0,jα
[µα]
µ˜0,iα
4
µ˜0,iα
µ˜0,jα
µ˜0,iα
[µα]
µ˜0,jα + [µα]
µ˜0,jα
4
µ˜0,iα
[µα]

(29)
FIG. 5. Schematic representation of a system of N = 4 ceR-
NAs species and M = 3 miRNA species. Continuous blue
arrows link miRNA α to ceRNA i if i ∈ B(α); dashed red
arrows are found if i ∈ S(α); dotted green arrows are found
if i ∈ F(α). In this case, ceRNAs 1 and 3 are both in S(A)
and S(B), ceRNAs 3 and 4 are in S(C), and ceRNA is 1
in B(A). This situation results in the following interactions:
symmetric cross-talk between ceRNAs 1 and 3, mediated by
miRNAs A and B; symmetric cross-talk between ceRNAs 3
and 4, mediated by miRNA C; asymmetric cross-talk from
ceRNA 2 to ceRNA 1, mediated by miRNA B; asymmetric
cross-talk from ceRNA 2 to ceRNA 3, mediated by miRNA
B.
In this case, the intensity of the cross-talk described by
(28) is modulated by the factor
biwjα χαα
4Z
(α)
i [µα]
' biwj
Z
(α)
i (4[µα]δα +
∑
k∈S(α) bkwkα)
. (30)
We therefore conclude that miRNA µα gives a relevant
contributions to the overall susceptibility χij if either:
(i) i ∈ S(α);
(ii) j ∈ S(α) or j ∈ B(α) (in the latter case, µα is the
main repressor of mj);
(iii) Z
(α)
i ' 1, i.e. ceRNA mi has few repressors besides
µα;
(iv) few ceRNA species belong to S(α), so that dilution
is limited.
In summary, the effect of ‘background’ miRNAs which
do not mediate interactions is an increase in the effec-
tive rate of decay, and consequently a shift in the sus-
ceptibility threshold. On the other hand, the effect of
background ceRNAs is a dilution of the cross-talk among
ceRNAs, as seen in the case M = 1. An illustrative
example of the interactions arising among ceRNAs in a
system with N = 4 and M = 3 is shown in Figure 5.
To conclude, we notice that network topology can play
an important role as interaction enhancer. For instance
(see section The role of topology in the Supporting Text),
cross-talk can take place among ceRNAs in the Free
regime (in spite of the small χij,α) provided they are com-
monly targeted by a large number of miRNA species. In
8other terms: interactions between ceRNAs can be medi-
ated by a large number of miRNA species which individ-
ually would only weakly dampen ceRNA levels. However,
in order to achieve efficient cross-talk strong correlations
in the network connectivity are needed, so that highly
clustered networks can allow for much stronger cross-talk
than random graphs.
Steady state fluctuations
Genetic circuits that regulate cellular functions are
subject to stochastic fluctuations, specifically in the lev-
els of the different molecular species that interact [25, 26].
Noise, far from being just a nuisance, plays an essential
role in cellular activities, for example by enabling co-
ordination of gene expression across large regulons, or
by allowing for probabilistic differentiation of otherwise
identical cells [27]. On the other side, a noisy gene ex-
pression is potentially harmuful in many situations: in
developmental circuits, for example, it can lead either to
arrested development, aberrant positional expression of
tissue specific genes or over-representation of specific cell
types [28]. If there is only a relatively narrow protein
level which is optimal, some sort of tuning must act to
prevent fluctuations outside the functional range. Cross-
talk of the type discussed so far may either result in an
amplification of upstream fluctuations or represent an ef-
ficient noise buffering mechanism. To analyze this issue
in some detail, we focus on the role of transcriptional
noise, the primary cause of variability in gene expression
among cells in isogenic populations [29]. If one assumes
that extrinsic transcriptional noise is the dominant source
of stochasticity and neglects molecular noise entirely, it
is possible to estimate concentration fluctuations in the
ceRNA-miRNA networks at steady state, obtaining ex-
pressions valid in the linear response regime.
Let us consider for simplicity a system ofN = 2 ceRNA
species and M = 1 miRNA species, and let P (r) denote a
distribution of transcription rates (where r = {b1, b2, β}),
such that an ensemble of systems at steady state can be
constructed by sampling a vector r from P (r) for each
system in the ensemble. For P (r) one may for simplicity
take a Gaussian, i.e.
P (r) ∝ exp
[
−1
2
(r− r)TΣ−1(r− r)
]
(31)
where r = {b1, b2, β} is the mean and Σ is the correlation
matrix of inputs. Clearly, a distribution of transcription
rates induces a distribution of steady state concentra-
tions. The latter is what we aim at characterizing.
If variability in transcription rates is sufficiently
small, we can expand the steady state levels ` =
{[m1], [m2], [µ]} (note that ` ≡ `(r)) around r (small
noise expansion), obtaining
`i ' `i +
∑
k
χik(rk − rk) , χik = ∂`i
∂rk
, (32)
where `i ≡ `i(r). In this approximation:
Prob(` = x) =
∫
P (r)δ[`(r)− x]dr =
= N exp
[
−1
2
(`− `)TX(`− `)
]
(33)
where X = (χˆ−1)TΣ−1 χˆ−1, χˆ being the matrix of sus-
ceptibilities defined in (32). The joint probability dis-
tribution and the susceptibility matrix can then be used
to characterize steady state fluctuations and correlations,
e.g.
σ2i ≡ (`i − `i)2 =
∑
j,k
χij χik Σjk (34)
For uncorrelated transcription rates the covariance ma-
trix Σ is diagonal and (34) reduces to σ2i =
∑
k χ
2
ik Σkk:
expectedly, each term positively contributes to increase
the noise. As shown in Figure 6, fluctuations can be-
come very large in the susceptible regime as the system
is strongly coupled, possibly limiting the efficiency of sig-
naling in ceRNA network .
In presence of correlations at the transcriptional level,
however, the signs of off-diagonal terms become cru-
cial. Recalling that, generically, χi,µ < 0, χi,j > 0,
and χµ,i < 0, one sees that anti-correlated ceRNA tran-
scriptions and correlated miRNA-ceRNAs transcriptions
may lead to a reduction of fluctuations with respect
to the uncorrelated case, as shown again in Figure 6.
On the other hand, negative miRNA-ceRNA correlations
and positive ceRNA-ceRNA correlations strongly amplify
fluctuations. In other terms, miRNA-mediated cross-talk
coupled with correlation of transcriptional inputs may
represent a powerful noise processing mechanism.
Detection of miRNA-mediated cross-talk from gene
expression data
A key issue of the ceRNA scenario concerns the detec-
tion of cross-talk in gene expression data, typically from
correlations or related quantities. It is important to note
that, within the theoretical framework we discuss, the
presence of statistically significant correlations between
ceRNAs is not necessarily a signature in this sense. In-
deed, the Pearson correlation coefficient between ceR-
NAs, for independent transcription rates, reads
ρ12 =
∑
k χ1k χ2k σ
2
k√
(
∑
k χ
2
1kσ
2
k)(
∑
k χ
2
2kσ
2
k)
, (35)
where σ2k is the variance of rk. However if χ12 = 0 then
ρ12 = A
∂[m1]
∂β
∂[m2]
∂β
(36)
with A > 0 a constant. Since both susceptibilities on
the right-hand side are negative, a positive correlation
9FIG. 6. Level fluctuations induced by transcriptional noise
in a system with N = 2 ceRNA species and M = 1 miRNA
species. We took Gaussian distributions for the transcription
rates β, b1 and b2, keeping the ratio between the average and
the width fixed in each case. All parameters and distributions
of rates are also kept fixed, except for the miRNA transcrip-
tion rate distribution P (β), which is parametrized by its av-
erage value β. In this case: b1 = b2 = 10
3, d1 = d2 = δ = 1,
k+1 = k
+
2 = 10
2, k−1 = k
−
2 = 0, σ1 = σ2 = 10, κ1 = κ2 = 0.
Top: normalized fluctuations (ratio between the width of the
fluctuations in the interacting and the non-interacting system,
the latter corresponding to k+1 = k
+
2 = 0) for uncorrelated dis-
tributions of transcription rates. Center: ratio between the
normalized fluctuations of the level of ceRNA 1 obtained in
presence of correlations and in the uncorrelated case. Yellow
line: maximal anti-correlation between b1 and b2 (Σ12 = −1);
purple line: maximal correlation between b1 and β (Σ13 = 1);
blue line: maximal correlation between b2 and β (Σ23 = 1)).
Bottom: average molecular levels.
between ceRNAs can emerge also in absence of miRNA-
mediated cross-talk.
More recently, information theoretical quantities have
been employed as a means to detect miRNA-mediated
cross-talk. In [14], for instance, the functional
∆I([m1], [µ]; [m2]) = 〈[I([m1], [µ])]〉[m2] − I([m1], [µ])
(37)
(I(x, y) denoting the mutual information of random vari-
ables x and y, 〈· · · 〉z denoting the average with respect
to the random variable z) has been proposed, with the
rationale that if ∆I > 0 then the knowledge of [m2] in-
creases the mutual dependence of [m1] and [µ], which
can be interpreted as a signature of cross-talk between
m1 and m2.
In the previous section we have shown that neglecting
molecular noise entirely and assuming that extrinsic tran-
scriptional noise is the dominant source of stochasticity
it is possible to characterize concentration fluctuations
at stationarity using mean-field steady state equations
once input noise is known. We note, however, that un-
der equations (17) free ceRNA levels depend only on the
levels of the miRNA they interact with, so that the joint
probability distribution of the levels of the various molec-
ular species involved can be factorized, e.g. for N = 2
and M = 1
P ([m1], [m2]|[µ]) = P1([m1]|[µ])P2([m2]|[µ]) . (38)
This in turn implies that, within this mean field steady
state framework, the three-species correlation functions
can also be factorized, i.e.
P ([m1], [m2], [µ]) = P1([m1]|[µ])P2([m2]|[µ])Pµ([µ]) ,
(39)
leading to ∆I = 0 independently of there being cross-talk
or not.
Quite importantly, however, in a typical experimental
output (e.g. by microarray or deep sequencing analy-
sis) it is hard to disentangle the contribution of free and
bound ceRNAs and the experimental readouts give prox-
ies for the quantities
[mi]xp = [mi] + [ci] , [µ]xp = [µ] + [ci] . (40)
Based on (2), one has in particular
[mi]xp = c
?
i
[
1 +
(
σi + κi
di
− 1
)
Fi([µ])
]
(41)
[µ]xp = [µ]
[
1 +
∑
i
c?iFi([µ])/µ0,i
]
(42)
Note that if the lifetime of complexes (σi + κi) is shorter
than that of ceRNAs di, as it is reasonable to expect,
[mi]xp is, like [mi], a decreasing function of [µ]. One
sees that, in general, it is not possible to express the ex-
perimental ceRNA levels in terms of the miRNA levels
only. Therefore the quantity (37) computed using the
experimental readouts (40) can be different from zero.
Again, however, this is not necessarily a signature of
cross-talk. An argument is given in section On the sig-
nificance of conditional mutual information as a means
to signal cross-talk of the Supporting Text, where it is
shown how non-zero values of ∆I([m1]xp, [µ]xp; [m2]xp)
can be obtained even in absence of stoichiometric com-
plex degradation (and hence of cross-talk at stationarity).
In summary, more refined detection methods are likely
to be needed in order to identify cross-talk among ceR-
NAs from gene expression data.
DISCUSSION
Recent experimental studies have suggested that the
miRNA-mediated competition between ceRNAs could
constitute an additional level of post-transcriptional reg-
ulation, playing important roles in many biological con-
texts. Trying to achieve a clear quantitative understand-
ing of the emergence of this effect has been the goal of
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this work. We have presented a minimal, rate equation-
based model that is able to describe the cross-talk aris-
ing from competition at steady state through a system-
atic analytical characterization of the sensitivity to small
changes in the transcription rates. To keep mathematical
complexities to a minimum, we have adopted a coarse-
grained view of the real biological process, even neglect-
ing details of the miRNA-mediated regulation that could
impact the emergence of cross-talk among ceRNAs. For
instance, binding to the Argonaute/Ago protein (the cat-
alytic component of the RISC) may represent a signifi-
cant rate-limiting step [30], and the competition for Ago
has been shown to contribute to the emergence of ceRNA-
ceRNA cross-talk [31].
The emerging scenario, valid in the linear response
regime, is rather rich and complex. Interestingly, the
competitive interactions can give rise to a rather selec-
tive communication channel: only ceRNAs in an inter-
mediate, susceptible regime are responsive to miRNA
perturbations and significantly contribute to diluting the
strength of the interaction. Thus, even in case of a dense
miRNA-ceRNA network, the resulting ceRNA-ceRNA
cross-talk pattern may be rather sparse. Moreover, inter-
actions switch on only in specific ranges of miRNA con-
centrations, so that the structure of the emergent ceRNA-
ceRNA network can adjust in response to variations in
the miRNA levels. Perhaps unexpectedly, heterogeneity
of kinetic parameters can give rise both to symmetric and
asymmetric couplings. Furthermore, an analogous cross-
talk scenario emerges between different miRNA species
sharing the same target RNA. And, finally, the topology
of the ceRNA-miRNA network may play an important
role as strong correlations in connectivity in that net-
work can enhance the ceRNA-ceRNA cross-talk.
The above picture requires that miRNA-ceRNA com-
plexes decay, at least partially, through a stoichiomet-
ric channel of degradation: for purely catalytic decay no
cross-talk is possible at stationarity, and perturbations of
transcription rates only cause a transient response. Dy-
namical effects may nevertheless play an important role
on the time-scales of many cellular processes, and will be
explored in a forthcoming work.
In order to evaluate the robustness of the miRNA-
mediated coupling, we have also performed a basic anal-
ysis of the impact of noise. Assuming extrinsic transcrip-
tional noise as the dominant source of stochasticity, we
estimated level fluctuations in the ceRNA-miRNA net-
works at steady state, again obtaining expressions valid
in the linear response regime. It turns out that miRNA-
mediated cross-talk, coupled with correlated transcrip-
tional inputs, represents a powerful noise processing
mechanism that can lead to either noise reduction or
amplification. It is interesting to observe that a circuit
displaying specific transcriptional correlations has been
discussed in [12], where a muscle-specific miRNA (miR-
133b) embedded in a non-coding transcript (linc-MD1)
has been identified. Clearly, linc-MD1’s transcript acts as
a very efficient decoy for miR-133b. A theory for this case
is worked out in section The miRNA-decoy transcript of
the Supporting Text.
It would be important to carry the analysis of the
role of noise beyond the steps discussed here. Post-
transcriptional regulation based on stoichiometric repres-
sion has been shown to cause large intrinsic fluctuations
in intermediate regimes of repression [32], effectively pos-
ing a limit to the possibility of having an efficient quanti-
tative signaling between ceRNAs. Our analysis suggests
on the other hand that cross-talk mediated by large num-
ber of miRNAs might be more robust. A more thorough
mathematical/computational analysis, including molec-
ular noise, may be able to shed light on this important
aspect.
We have finally shown that non-trivial correlations
among ceRNAs can emerge in experimental readouts due
to transcriptional fluctuations even in absence of miRNA-
mediated cross-talk.
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SUPPORTING TEXT
Derivation of miRNA steady-state concentration
An approximate, explicit expression for the steady
state miRNA level can be derived starting from (9) of
the Main Text. For simplicity, let us consider the case of
N = 2 ceRNAs, in which (8) of the Main Text reduces
to the equation
[µ] [δ + b1z1F1([µ]) + b2z2F2([µ])] = β . (43)
We can work out its solutions explicitly depending on
the regimes to which the ceRNAs belong by inserting
(9) of the Main Text into (43), using the relation wi =
zi µ0,i and keeping only linear terms in [µ]. One finds the
following results:
(a) m1,m2 ∈ F : :
[µ] ' β
δ +
∑
i bizi
(44)
(b) m1,m2 ∈ S: :
[µ] ' β −
1
4
∑
i biwi
δ + 14
∑
i bizi
(45)
(c) m1,m2 ∈ B: :
[µ] ' β −
∑
i biwi
δ
(46)
(d) m1 ∈ B, m2 ∈ S: :
[µ] ' β − b1w1 −
1
4b2w2
δ + 14b2z2
(47)
(e) m1 ∈ F , m2 ∈ B: :
[µ] ' β − b2w2
δ + b1z1
(48)
(f) m1 ∈ F , m2 ∈ S: :
[µ] ' β −
1
4b2w2
δ + b1z1 +
1
4b2z2
(49)
Extending to the general case of N ceRNAs we conclude
that
[µ] ' β −
∑
i∈B biwi − 14
∑
i∈S biwi
δ +
∑
i∈F bizi +
1
4
∑
i∈S bizi
, (50)
The mirror system: one target, M miRNA species
The dual system in which M miRNA species, labeled
µα (α = 1, . . . ,M), target the same RNA m (to avoid
confusion we will keep referring to it as a ceRNA even
though in this case it is not really competing, being the
only target species), can be worked out in full analogy
with the case discussed above. In particular, defining
µ?α = βα/δα, we have that, at stationarity, the level of
free miRNA species is given by
[µα] = µ
?
αFα([m]) , (51)
where
Fα =
m0,α
[m] +m0,α
, m0,α =
δα
k+α
(1 + ψα) (52)
with ψα = (k
−
α +κα)/σα. (Note that now rates carry the
index of the corresponding miRNA involved.) The free
ceRNA level on the other hand results from the algebraic
equation
[m]
[
d+
∑
α
βαζαFα([m])
]
= b , (53)
where ζα = (σα + κα)/(m0,ασα). As before, each m0,α
can be interpreted as reference level for the target which
can be used to separate different regimes for the miRNA
species. Borrowing the terminology used in the previous
case, we have
Fα([m]) '

1− [m]/m0α α ∈ F
1
2 − ([m]−m0,α)/(4m0,α) α ∈ S
m0,α/[m] α ∈ B
(54)
where [m]  m0,α for a ‘free’ miRNA, [m] ' m0,α for
a ‘susceptible’ miRNA, and [m]  m0,α for a ‘bound
miRNA. In turn, the level of free ceRNA is given by
[m] ' b−
∑
α∈B βαωα − 14
∑
α∈S βαωα
d+
∑
α∈F βαζα +
1
4
∑
α∈S βαζα
(55)
where ωα = ζαm0,α = (σα + κα)/σα, while for the sus-
ceptibility we obtain
χαγ ≡ ∂[µα]
∂βγ
=
1
δα
[
Fα([m])δαγ +
βαζγχm,m
4[m]
WR(α),R(γ)
]
(56)
where χm,m =
∂[m]
∂b and the matrix Ŵ is the same as in
(14) of the Main Text with [m], m0,α and m0,γ replacing
respectively [µ], µ0,i and µ0,j .
Therefore the cross-talk that is established between
miRNAs is, as before, selectively turned on only for
species lying in particular regimes, defined by the free
ceRNA level. In complete analogy to the dual system
analyized in the main text, two types of effective inter-
actions arise: the first one is symmetric encodes the re-
sponse of a miRNA in the S-regime to a perturbation
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FIG. 7. Schematic representation of a system of one tar-
get RNA and M = 6 miRNAs species. In this case miRNA
3 is Bound, miRNAs 2 and 5 are Susceptible and the re-
maining are Free from the target RNA. Cross-talk interactions
pattern is derived analogously to the dual case discussed in
the main text: symmetrical cross-talk interactions emerge be-
tween miRNA 2 and 5 and asymmetrical interactions emerge
from miRNA 3 to miRNAs 2 and 5.
of another miRNA in the S-regime; the second one is
asymmetric and encodes the response of a miRNA in the
S-regime to a perturbation of a miRNA in the B-regime.
An example of a pattern of interactions between miRNAs
is shown in Figure 7. Note that the intensity of the cross-
talk is modulated by the factor ζγ and increases when the
rate of catalytic degradation increases. If σα → 0 for all
α implies m0,α →∞: in this case, all miRNA species lie
in the F-regime and no cross-talk is possible at steady
state.
The role of topology
Network topology can play an important role as a
cross-talk enhancer. In specific, we will now argue that
ceRNA-ceRNA interactions can be mediated by a large
number of miRNA species which individually would only
weakly dampen ceRNA levels. We consider a diluted net-
work described by an adjacency matrix {Aiα} such that
Aiα =
{
1 if ceRNA mi is targeted by miRNA µα
0 otherwise
(57)
making the following simplifying assumptions: (a) the
network is kinetically homogeneous, i.e. rates are the
same for all ceRNAs, so that µ0,iα = µ0 for each i and
α and bi = b, di = d for each i; (b) miRNA levels are
uniform, i.e. [µα] = [µ] for all α; (c) [µ]/µ0 ≡ t  1, so
that all ceRNA species are in the F-regime with respect
to any miRNA (i ∈ F(α) ∀i, α).
Consider a pair of ceRNAs mi and mj , targeted respec-
tively by ni =
∑
αAiα and nj =
∑
αAjα miRNA species,
nij =
∑
αAiαAjα of which are in common. In this case,
the ceRNA concentration reads mi = m
?/(1 +nit) (with
m? = b/d) and the cross-susceptibility (28) of the Main
Text turns out to be given by
χij,α =
{
1
dKα
t
[1+t(nj−1)][1+t(ni−1)]2 if AiαAjα = 1
0 otherwise
(58)
where Kα ' [δ/(zb) +
∑
k∈α(1 + tnk)
−1] and z is defined
by the fact that ziα =
σ
(σ+κ)µ0
= z for each i and α.
(The notation k ∈ α indicates all ceRNAs interacting
with miRNA µα.) As expected, the dilution increases
upon increasing the number of ceRNAs interacting with
a given miRNA species µα (each of them add a positive
term (1 + tnk)
−1 to Kα thus making it larger) and upon
increasing ni and nj , since
χαij ∝
1
njn2i
(ni, nj  1/t) . (59)
Consider now the particular case of a regular bipartite
network with fixed ceRNA and miRNA connectivity so
that ni = n for each i and να ≡
∑
iAiα = ν for each α.
Setting
Kα = K =
δ
zb
+
ν
1 + tn
(60)
for all α we clearly see that now each miRNA species con-
tributes equally to the overall susceptibility, i.e, χij,α =
χ0 for all i and j targeted by µα with
χ0 =
1
dK
t
[1 + t(n− 1)][1 + t(n− 1)]2 , (61)
while the overall susceptibility is given by χij = nijχ0.
The contribution of a single miRNA to the overall sus-
ceptibilities will depend on the value of t. In particular,
one easily sees that
χ0 =

t
dK ∼ O( n ) for t 1/n
1
dKn ∼ O( 1n ) for t ' 1/n
1
dKt2n3 ∼ O( n ) for t 1/n
(62)
Generalizing the Free, Susceptible and Bound regimes,
one realizes that the case t  1/n (resp. t ' 1/n and
t 1/n) describes a ceRNA that is ‘globally free’ (resp.
‘globally susceptible’ and ‘globally bound’) with respect
to the overall miRNA population. We therefore conclude
that χij
(i) increases with the number nij of miRNA species
shared by the ceRNAs mi and mj ;
(ii) decreases if the shared miRNAs have many other
targets;
(iii) peaks when ceRNAs are ‘globally susceptible’ to
the overall miRNA population, and it can be of the
same order of magnitude as the self-susceptibility,
i.e. O(1/d), when nij ' n.
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FIG. 8. Two examples of different network structures with
N = 2 ceRNAs (blue circles) and M = 7 miRNAs (red
squares). A) A highly correlated network structure where
ceRNAs share almost all of their regulators (n1 = n2 =
5, n12 = 4). B) A poorly correlated structure where ceR-
NAs share a small fraction of their regulators (n1 = n2 =
4, n12 = 1). Cross-talk will tipically be much stronger in A
than in B.
Perhaps most remarkably, the cross-talk can be effective
even among ceRNAs that are in the Free regime with
respect to individual miRNAs, provided they are com-
monly targeted by a large number of miRNA species
thus becoming ’globally susceptible’. However, in or-
der to achieve efficient cross-talk strong correlations in
the network connectivity are needed (large nij): highly
clustered networks can allow for much stronger cross-talk
than random graphs (see Figure 8).
The miRNA-decoy transcript
Many miRNAs (possibly about 50% of the total [1]) are
hosted in non-coding genes whose transcript can incur a
dual fate: after transcription, the precursors can either be
processed into mature miRNAs through a series of steps
involving proteins DROSHA and DICER, or they can
reach the cytoplasm unprocessed in the form of long non-
coding RNAs (lncRNAs). The RNA sequence close to
the sites corresponding to the miRNA presents a region
with a sequence that is almost complementary to that
of miRNA. These proximal strings allow for the miRNA
precursor (pri-miRNA) to take on the peculiar hairpin
structure that is essential for the recognition by the pro-
cessing proteins and thus for miRNA maturation [2]. It
also follows, however, that the RNA sequence close to the
miRNA necessarily contains a good potential binding site
for the miRNA itself. When matured into lncRNAs, such
transcripts are thus targeted by the miRNA and repre-
sent efficient ‘miRNA traps’ or decoys, through which the
population of miRNAs available for target repression can
be regulated. The above miRNA-decoy mechanism can
FIG. 9. Schematic representation of the model of a miRNA-
decoy transcript.
be modeled with following processes (see also Fig. 9):
∅ b→ q q rα→ m q r(1−α)→ µ , (63)
including transcription of the long non-coding RNA q at
rate b, transport of q to the cytoplasm with processing
into mature miRNA µ at rate (1−α)r, and transport of q
to the cytoplasm αr. The quantity 1−α ∈ [0, 1] thus gives
the fraction of miRNA produced over the total number
of transcribed RNAs.
At stationarity, the miRNA and the lncRNA m are
produced at constant rates according to
m˙ = bα (64)
µ˙ = b(1− α) (65)
If noise affects both the transcription rate b and the pro-
cessing efficiency α (taking again Gaussian distributions
with means b and α and variances σ2b and σ
2
α, respec-
tively), the covariance between production rates is easily
seen to be given by
m˙ µ˙− m˙ µ˙ = σ2b (α− α2)− σ2αb2 (66)
Hence noise in b and α induces noise at the level of molec-
ular concentrations, yielding either positive or negative
correlations between the steady state production rates of
the miRNA µ and of the decoy m as shown in Figure 10.
(Clearly, this conclusion holds as long as the noise on α
is sufficiently small, or A is not too close to 1.)
These correlations, in turn, can result in a change
of steady state fluctuations of other competing RNAs
through the usual miRNA-mediated channels. In the
case of muscle differentiation discussed in [12], large lev-
els of noise at the transcriptional or at the processing
level could be exploited in order to increase cell variabil-
ity and give rise to the differentiation program. Such a
mechanism could be shared by other miRNA genes rep-
resenting a widespread network motif.
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FIG. 10. Pearson correlation coefficient between the pro-
duction rate of miRNA µ and of decoy m, for different values
of the processing noise level (A ≡ σ2α/[α(1 − α)] on the x
axis) and of the transcription noise level (B ≡ σ2b/b2 on the
y axis). High level of processing noise gives rise to negative
correlations, while low level of processing noise and high level
of transcriptional noise result in positive correlations.
On the significance of the conditional mutual
information as a means to signal cross-talk
Consider a system (t,m, µ) of 2 ceRNAs (a target t
and a modulator m and N background targets) and one
miRNA µ, subject to transcriptional fluctuations. Let us
say that the experimental readouts concern the quantities
[m]xp = [m] + [cm] (67)
[t]xp = [t] + [ct] (68)
[µ]xp = [µ] + [cm] + [ct] (69)
where [ct] and [cm] represent the levels of miRNA-target
and miRNA-modulator complexes, respectively. Suppose
that both complexes decay catalytically, i.e. that the
rates of stoichiometric complex degradation σm = σt = 0.
In such conditions no cross-talk is possible at steady
state. Furthermore, let us assume that the transcrip-
tion rates bt, bm, and β are drawn from a probability
distribution P0(bt, bm, β) such that
P0(bt, bm, β) ≡ P (bt, β)δ(bm − k) (70)
with P an unspecified probability distribution with fi-
nite covariance (i.e., that the target and miRNA tran-
scription rates are random variables while the modulator
transcription rate is fixed at k). We want to show that,
in this case, ∆I([t]xp, [µ]xp; [m]xp) > 0 (with ∆I defined
in (37) of the Main Text) necessarily. This would imply
that the condition ∆I([t]xp, [µ]xp; [m]xp) > 0 cannot be
considered as a sufficient condition for cross-talk, since
knowledge of [m]xp can increase the mutual dependence
between [µ]xp and [t]xp even in absence of cross-talk.
To see this, note that the measured steady state levels
are stochastic variables which depend on the transcrip-
tion rates as
[m]xp = fm(β) (71)
[µ]xp = fµ(bt, β) (72)
[t]xp = ft(bt, β) (73)
(with fm, fµ and ft unspecified functions). Now let us
focus on (71) and (72). Given their monotonicity with
respect to each of the variables on which they depend,
they can be inverted:
β = f−1m ([m]xp) (74)
bt = f
−1
µ ([µ]xp, β) (75)
Hence it is possible to express [t]xp as a function of [m]xp
and [µ]xp directly: [t]xp = h([m]xp, [µ]xp). In other terms,
one finds a deterministic dependence of [t]xp on [m]xp.
This implies that for each fixed [m]xp the mutual infor-
mation between [t]xp and [µ]xp diverges. As a conse-
quence, their mutual information averaged over [m]xp,
〈I([t]xp, [µ]xp)〉[m]xp , diverges as well. At the same time,
however, the mutual information between [t]xp and [µ]xp
stays finite due to the noise on bt and β. Hence
∆I([t]xp, [µ]xp; [m]xp) ≡
≡ 〈I([t]xp, [µ]xp)〉[m]xp − I([t]xp, [µ]xp) > 0 (76)
necessarily.
15
[1] Bartel D.P. 2004. MicroRNAs: genomics, biogenesis,
mechanism, and function. Cell 116:281–297.
[2] Bartel D.P. 2009. MicroRNAs: target recognition and
regulatory functions. Cell 136:215–233.
[3] Chekulaeva M., W. Filipowicz. 2009. Mechanisms of
miRNA-mediated post-transcriptional regulation in an-
imal cells. Curr Opin Cell Biol 21:452–460.
[4] Valencia-Sanchez M.A., J. Liu, G.J. Hannon, R. Parker.
2006. Control of translation and mRNA degradation by
miRNAs and siRNAs. Genes Dev 20:515–524.
[5] Flynt A., E.C. Lai. 2008. Biological principles of
microRNA-mediated regulation: shared themes amid di-
versity. Nat Rev Gen 9:831–842.
[6] Tsang J., J. Zhu, A. van Oudenaarden. 2007. MicroRNA-
mediated feedback and feedforward loops are recurrent
network motifs in mammals. Molecular Cell 26:753–767.
[7] Re A., D. Cora´, D. Taverna, M. Caselle. 2009. Genome-
wide survey of MicroRNA-transcription factor feed-
forward regulatory circuits in human. Mol Biosyst 5:854–
867.
[8] Osella M., C. Bosia, D. Cora´, M. Caselle. 2011. The role
of incoherent MicroRNA-mediated feedforward loops in
noise buffering. PLoS Comput Biol 7(3):e1001101.
[9] Wang S., S. Raghavachari. 2011. Quantifying negative
feedback regulation by micro-RNAs. Phys Biol 8:055002.
[10] Arvey A., E. Larsson, C. Sander, C.S. Leslie, D.D. Marks.
2010. Target mRNA abundance dilutes microRNA and
siRNA activity. Mol Syst Biol 6:363.
[11] Poliseno L., L. Salmena, J. Zhang, B. Carver, W.J. Have-
man, P.P. Pandolfi. 2010. A coding-independent function
of gene and pseudogene mRNAs regulates tumour biol-
ogy. Nature 465:1033-1038.
[12] Cesana M., D. Cacchiarelli, I. Legnini, T. Santini, O.
Sthandier, M. Chinappi, A. Tramontano, I. Bozzoni.
2011. A long noncoding RNA controls muscle differen-
tiation by functioning as a competing endogenous RNA.
Cell 147:358–369.
[13] Salmena L., L. Poliseno, Y. Tay, L. Kats, P.P. Pandolfi.
2011. A ceRNA hypotesys: the Rosetta stone of a hidden
RNA language? Cell 146:353-358
[14] Sumazin P., X. Yang, H.S. Chiu, W.J. Chung, A. Iyer, D.
Llobet-Navas, P. Rajbhandari, M. Bansal, P. Guarnieri,
J. Silva, A. Califano. 2011. An extensive microRNA-
mediated network of RNA-RNA interactions regulates
established oncogenic pathways in glioblastoma. Cell
147:370–381.
[15] Tay Y., L. Kats, L. Salmena, D. Weiss, S.M. Tan, U.
Ala, F. Karreth, L. Poliseno, P. Provero, F. Di Cunto,
J. Lieberman, I. Rigoutsos, P.P. Pandolfi. 2011. Coding-
independent regulation of the tumor suppressor PTEN
by competing endogenous mRNAs. Cell 147:344–357.
[16] Karreth F.A., Y. Tay, D. Perna, U. Ala, S.M. Tan, A.G.
Rust, G. DeNicola, K.A. Webster, D. Weiss, P.A. Perez-
Mancera, M. Krauthammer, R. Halaban, P. Provero,
D.J. Adams, D.A. Tuveson, P.P. Pandolfi. 2011. In vivo
identification of tumor- suppressive PTEN ceRNAs in
an oncogenic BRAF-induced mouse model of melanoma.
Cell 147:382–395.
[17] Baek D., J. Ville´n, C. Shin, F.D. Camargo, S.P. Gygi,
D.P. Bartel. 2008. The impact of microRNA on protein
output. Nature 455:64–71.
[18] Djuranovic S., A. Bahvi, R Green. 2012. miRNA-
mediated gene silencing by translational repression fol-
lowed by mRNA deadenylation and decay. Science
336:237–240.
[19] X. Wang, Y. Li, X. Xu , Y. Wang. Toward a system-level
understanding of microRNA pathway via mathematical
modeling. 2010. BioSystems 100:31-38
[20] U. Bissels, S. Wild, S. Tomiuk, A. Holste, M. Hafner,
T. Tuschl, A. Bosio, 2009. Absolute quantification of mi-
croRNAs by using a universal reference, RNA 15(12):
23752384.
[21] Y. Liang, D. Ridzon, L. Wong, C. Chen. Characteriza-
tion of microRNA expression profiles in normal human
tissues. 2007. BMC Genomics 8:166.
[22] Haley B., P.D. Zamore. 2004. Kinetic analysis of the
RNAi enzyme complex. Nature Struct & Mol Biol
11:599–606.
[23] G. Mullokandov, A. Baccarini, A. Ruzo, AD.
Jayaprakash, N. Tung, B. Israelow, MJ Evans, R.
Sachidanandam, BD. Brown. High-throughput as-
sessment of microRNA activity and function using
microRNA sensor and decoy libraries. 2012. Nature
Methods 9(8):840-6
[24] S. Mukherji, MS. Ebert, GXY. Zheng, JS. Tsang, PA.
Sharp, A. van Oudenaarden. 2011. MicroRNAs can gen-
erate thresholds in target gene expression. Nature Genet-
ics 43:854-859.
[25] Swain P.S., M.B. Elowitz, E.D. Siggia. 2001. Intrinsic
and extrinsic contributions to stochasticity in gene ex-
pression. Proc Nat Acad Sci USA 99:12795–12800.
[26] Raser J.M , O’Shea E. 2005. Noise in gene expression: ori-
gins, consequences, and control. Science 309:2010–2013.
[27] Eldar A., M.B. Elowitz. 2010. Functional roles for noise
in genetic circuits. Nature 467:167–173.
[28] Clarke P.A., R. te Poele, R. Wooster, P. Workman. 2001.
Gene expression microarray analysis in cancer biology,
pharmacology, and drug development: progress and po-
tential. Biochem Pharmacol 62:1311–1336.
[29] Raj A., A. Van Oudenaarden. 2008. Nature, nurture, or
chance: stochastic gene expression and its consequences.
Cell 135:216–126.
[30] Koller E., S. Propp, H. Murray, W. Lima, B. Bhat, T.P.
Prakash, C.R. Allerson, E.E. Swayze, E.G. Marcusson,
N.M. Dean. 2006. Competition for RISC binding predicts
in vitro potency of siRNA. Nucleic Acids Res 34:4467-
4476.
[31] Loinger A., Y. Shemla, I. Simon, H. Margalit, O. Biham.
2012. Competition between small RNAs: a quantitative
view. Biophys J 102:1712–1721.
[32] Mehta P., S. Goyal, N.S. Wingreen. 2008. A quantita-
tive comparison of sRNA-based and protein-based gene
regulation. Mol Syst Biol 4:221.
